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Abstract: Let A(G) be the adjacency matrix of a graph G with Ai(G), A2(G), A„(G) being its 
eigenvalues in non-increasing order. Call the number Sfc(G) := Yl?=i = 0, 1, . . . , n — 1) the fcth 

spectral moment of G. Let S(G) = (So(G), S\(G), . . . , S n -i(G)) be the sequence of spectral moments 
of G. For two graphs Gi and G2, we have Gi -< s G2 if Si(Gi) = Si{G2){i — 0, 1, . . . , k — 1) and 
St(Gi) < 5fc(G2) for some k £ {1, 2, . . . , n — 1}. Denote by @£ the set of connected n-vertex graphs with 
k cut edges. In this paper, we determine the first, the second, the last and the second last graphs, in an 
S-order, among respectively. 
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1. Introduction 

All graphs considered here are finite, simple and connected. Undefined terminology and notation may be 
referred to pQ. Let G = (V"g, Eq) be a simple undirected graph with n vertices. G — v, G — uv denote 
the graph obtained from G by deleting vertex v £ Vq, or edge uv £ Eq, respectively (this notation is 
naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by 
adding an edge uv ^ Eq. For v 6 Vg, let Nq(v) (or N(v) for short) denote the set of all the adjacent 
vertices of v in G and cIg(v) = \Nq(v)\, and distc(w,v) is the distance between u and v. For an edge 
subset E' of G, denoted by G[E'] the subgraph induced by E' . A cut edge in a connected graph G is 
an edge whose deletion breaks the graph into two components. Let ^„ be the set of all n-vertex graphs, 
each of which contains fc cut edges. 

Let A(G) be the adjacency matrix of a graph G with Ai(G), A2(G), . . . , A„(G) being its eigenvalues 
in non-increasing order. The number Y^?—i (^0 (fc = 0, 1, . . . , n — 1) is called the fcth spectral moment 
of G, denoted by Sfc(G). Let S(G) = (So(G), Si(G), . . . , S„_i(G)) be the sequence of spectral moments 
of G. For two graphs Gi,G2, we shall write G\ — s Gi if Si{G\) — SiiG-i) for i = 0, 1, . . . , n — 1. 
Similarly, we have Gi ^ s G2 (Gi comes before G2 in an 5-order) if for some k (1 < fc < n — 1), we have 
Si(Gx) = Si(G 2 ) {i = 0, 1, . . . , k - 1) and Sfc(Gi) < Sfc(G 2 ). We shall also write Gi r< s G 2 if Gi -< s G 2 
or Gi = s G2. 5-order has been used in producing graph catalogs (see [5]), and for a more general setting 
of spectral moments one may be referred to [4]. 

Investigation on S*-order of graphs attracts more and more researchers' attention. Cvetkovic and 
Rowlinson 6 studied the S'-order of trees and unicyclic graphs and characterized the first and the last 
graphs, in an S'-order, of all trees and all unicyclic graph with given girth, respectively. Chen, Liu and 
Liu [2] studied the lexicographic ordering by spectral moments (S'-order) of unicyclic graph with a given 
girth. Wu and Fan [T^] determined the first and the last graphs, in an S-order, of all unicyclic graphs and 
bicyclic graphs, respectively. Pan et al. [11] gave the first X)fc=i ( j — k + 1) graphs apart from an 
n-vertex path, in an S-order, of all trees with n vertices. Wu and Liu [13] determined the last |_f J + 1, in 
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an S-order, among all n- vertex trees of diameter d (4 < d < n — 3). Pan et al. [10] identified the last and 
the second last graphs, in an S-order, of quasi-trees. Hu, Li and Zhang |8] studied the spectral moments 
of graphs with given clique number and chromatic number, respectively. Li and Song [5] identified the 
last n-vertex tree with a given degree sequence in an S'-order. Consequently, the last trees in an S'-order 
in the sets of all trees of order n with the largest degree, the leaves number, the independence number 
and the matching number was also determined, respectively. 

In light of the information available from the related results on the spectral moments of graphs, it 
is natural to consider this problem on some other class of graphs, and the connected graphs with k cut 
edges are a reasonable starting point for such a investigation. The n-vertex connected graphs with k cut 
edges have been considered in different fields [7J [HJ [TSl [T5] , whereas to our best knowledge, the spectral 
moments of graphs in £f„ were, so far, not considered. Here, we identified the first, the second, the last 
and the second last graphs, in an S-order, among respectively. 

Throughout the text we denote by P n , Ki^ n -\, C n and K n the path, star, cycle and complete graph 
on n vertices, respectively. Let K\ n _ x be a graph obtained from a star K\^ n _\ by attaching a leaf to one 
leaf of Kx t n-\i U n be a graph obtained from C„_i by attaching a leaf to one vertex of C n _i, and B4, B 5 
be two graphs obtained from two cycle C3, C 3 of length 3 by identifying one edge of C 3 with one edge of 
C 3 and identifying one vertex of C 3 with one vertex of C 3 , respectively; see Fig. 1. 




Pi Pi Pi K{a Q ,{ ai ,a 2 ,...,a k }) 

Figure 1: Graphs B 4 , B^,K\,Kl, Kg, Pi, Pi, Pi and K(a , {a u a 2 , a k }). 



The graph is an n-vertex graph obtained by attaching k pendant vertices to one vertex of K n -k- 
The graph P% is a graph obtained by identifying one end- vertex of Pk+i with one vertex of C n -k- For 
example, for n = 6, = K 6 , is a star, P 6 ° = C§ and K\ , iff, Pi, Pi, Pi are depicted in Fig. 1. 
In general, K° n = K n , K^ 1 is star i^i, n _i, K^ 2 £ K^~ x and P° = C n . Let K(a , {a u a 2 , . . . , a k }) be 
a graph obtained from K\ k by replacing each Ui € Vk 1 k by a clique K ai (a^ > 1, i = 0, 1, 2, . . . , k); see 
Fig. 1. Denote 

= |if(ao, {ai,a 2 , . . . , a k }) : a* > 1(0 < i < k), ^ a,; = n| . 

Let F be a graph. An F-subgraph of G is a subgraph of G which is isomorphic to the graph F. Let 
4>g(F) (or 4>(F)) be the number of all F-subgraph of G. 

Lemma 1.1. (see [3]) The kth spectral moment of G is equal to the number of closed walks of length k. 
Lemma 1.2. For every graph G, we have 
(i) S 4 (G) - 2<HP 2 ) + 40(P 3 ) + 80(C 4 ) (see 0); 
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(ii) S B (G) = 3O0(G 3 ) + lO0(C/ 4 ) + m(C 5 ) (seeda); 

(iii) S 6 (G) = 20(P 2 )+12^(P3)+60(P 4 )+12^( J ft:i,3) + 120(C7 5 )+36^( J B4)+2#(B5)+240(C3)+48^(C4) + 
120(C 6 ) (see[2]). 



Lemma 1.3 ([3]). Given a connected graph G, Sq(G) = n,Si(G) — I, 82(G) — 2m, 53(G) = 6t, where 
n,l,m,t denote the number of vertices, the number of loops, the number of edges and the number of 
triangles contained in G, respectively. 

Lemma 1.4 ([5]). In an S -order of the n-vertex unicyclic graphs with girth g, the first graph is U% which 
is obtained by the coalescence of a cycle C g with a path P n _ s+ i at one of its end-vertices. 

2. The last and the second last graphs in an S-order among ^„ 

In this section, we will determine the last two graphs, in an S'-order, among Sf^ Let E = {ei, e 2 , ■ . . , e k } 
be the set of the cut edges of G e Note that S 2 (G) = 2\E G \, hence S 2 (G + e) > S 2 (G). By Lemma 
1.3, in order to determine the last graph in an S'-order among Sf*, it suffices to choose graph Ge^ such 
that its 82(G) is as large as possible. So we can have the following assumption throughout this section. 

Assumption 0. Each component of G — E is a clique. 

Theorem 2.1. Of all the connected graphs with n vertices and k cut edges, the last graph in an S-order 
is obtained uniquely at K^. 

Proof. If k = 0, then by Assumption we have @® — {K n }, our result holds immediately. Therefore 
we may assume that k > 1. Again by Assumption 0, we can denote the components of G — E by 
K ao , Kai ; • • • , K ak , oq + a\ + ■ ■ ■ + at = n. Assume, without loss of generality, that ao > &i > a 2 > ■ ■ • > 
a k > 1. 

Let Vi = {v G VK a . ■ v is an end- vertex of a cut edge of G}. Choose G G ^„ such that G is as large 
as possible under the order X a . In order to complete the proof, it suffices to show the following facts. 

Fact 1. \Vi\ = 1 for i = 0, 1, 2, . . . , k. 

Proof. Suppose to the contrary that there exists i G {0, 1,2, ... ,k} such that \Vi\ > 1. Let u, u' G V ai , 
both u and v! are end-vertices of the cut edges of G. Denote Nq(u)\N K a . (u) — {wi, w 2 , . . . , w s } and 
Na(u')\NK a . (u') = {zi, z 2 , . . . , zi}. It is routine to check that s > 1, I > 1. Let 



then G* G 

On the one hand, S;(G) = Si(G*) for i = 0, 1, 2, 3. On the other hand, <p G (P 2 ) = 4>g* (P 2 ), 0g(G 4 ) = 
<pG*(C4), hence by Lemma 1.2 (i), 



G* = G — {u'z\, u Z2, • ■ ■ , u zi} + {uzi, uz 2l . . . , uz{\, 



S 4 (G) - S 4 (G*) = 4(0 G (P 3 ) - G .(P 3 )) = 4 




s + 1 




= -Asl < 0. 



which implies that G < s G* , a, contradiction. Therefore \Vi\ 



1 for < i < k. 



□ 



By Fact 1, we can assume that Vi = {ui} for i = 0, 1, 2, . 



.A:. 



Fact 2. G G J>C. 
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Proof. If not, then there exists a cut edge uom £ E such that m is an end- vertex of another cut edge(s). 
Let 

\N G ( Ui )\(N Kai ( Ui )U{u })\ = 1, \N G (u )\(N Kao (u )U{ Ui })\=s. 

It is straightforward to check that I > 1 and s > 0. 
First consider that s > 1. In this case, let 

G* = G - {u lZ : z g JV G (uj) \ {N Ka . ( Ui ) U {u })} + {"o^ : z £ N G (u t ) \ (N Ka , ( Ui ) U {u })}. 

It is easy to see that G* £ Sf*. Note that S t (G) = for i = 0,1,2,3 and 4> G (P 2 ) = 4>g*(P2), 

</>g(G 4 ) = 0g*(C 4 ), hence 

S 4 (G) - S 4 (G*) = 4(<f> G (P 3 ) - ^G*(P 3 )) = 4(Z(a, - 1) - /(a - 1) - Ls) = 4?(a, - a - s) < 0, 

which implies that G -< s G* , & contradiction. 

Now consider that s = 0. In this case, there exists a cut edge UiUj £ E such that Uj is an end- vertex 
of another cut edge(s). Let \N G (uj) \ (Nx aj (uj) U = p. It is straightforward to check that p > 1. 

Let 

G* = G - {uj* : z £ N G {u 3 ) \ (N Ka , ( Uj ) U {«,})} + {u ^ : z £ N G (uj) \ (N Ka , ( Uj ) U {m})} 
-{u t w : w £ N G ( Ui ) \ (N Ka , ( Ui ) U {u a })} + {u w : w £ N G (u t ) \ {N Ka . (u t ) U {u })}. 

It is easy to see that G* £ Sf*. Note that S l {G) = S l (G*), i = 0,1,2,3 and 4> G {P 2 ) = ^g*^), 
0g(G 4 ) = ^g*(G 4 ). Hence, 

S 4 (G)-S 4 (G*) = 4(0g(^ 3 )-0g«( j P 3 )) 

= 4Z(a, - 1) + p( aj - 1) - 4p(Z - 1) - 4p - 4(i + p)(ao - 1) 
= A[l(ai - a Q ) +p(aj - a ) -pi] < 0. 

The last inequality follows from a, < ao,Oj < a and pi > 0. Hence, we obtain that G -< s G*, a 
contradiction. Therefore G £ J^ fc . □ 

By Fact 2, we can assume that u Uj £ E, 1 < j < k. 
Fact 3. ai = a2 = ■ • • = Ofc = 1. 

Proof. Assume to the contrary that there exists a j £ {1, 2, . . . , k} such that Oj > 1. By Fact 2, we have 
G = K(aa, {cti, . . . , flj-i, a?, cij+i, • • • , o-k})- Now we consider G* = K(ao + aj — 1, {ai, . . . , Oj_i, 1, dj+i, 
. . . , an,}). It is easy to see that G* G J^ fe . 
Note that S»(C?) = Sj(G*), i = 0, 1 and 

5 2 (G) - S 2 (G*) = 2(aj - 1) - 2(oj - l)ao = 2(oj - 1)(1 - a ) < 0, 

i.e., G -< s G*, a contradiction. Therefore aj = 1 for j = 1, 2, . . . , k. □ 

In the view of Fact 3, we have a = n — k. Hence, G = K{n — k, {1,1, ... , 1}), i.e., G = K%, as 
desired. □ 

In the rest of this section, we are to determine last graph in an S'-order among &£\K%. Delete an edge, 
say xy, from K n and denote the resultant graph by G\ . Let G 2 be a graph obtained from G\ by attaching 
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a pendant vertex to one vertex, say r, of Gi with r ^ x,y. Let G3 = K(n — k, {1, 1, . . . , 1}) — to + ™, 

fe 

where iiio is a cut edge and u, v are two different vertices in Vx n _ k - 

Based on Lemma 1.3, it is easy to see that among K n (resp. G\) is the last (resp. the second 
last) graph in an S-order, while among Sf^ with n > 5, based on 82(G), the second last graph in an 
•S-order must be a graph obtained from K\ by deleting a non-cut edge, say e, from K\. Denote the 
resultant graph by G' if e has a common vertex with the cut edge in K\ and by G2 otherwise. Note that 
S t (G 2 ) = Si(G') for i = 0, 1,2,3 and 0g 2 (P 2 ) = <t> G >(Pi), 0G 2 (G 4 ) = 0c (Ci), hence by Lemma 1.2(1) 

5 4 (G') - S 4 (G 2 ) = 4(^(P 3 ) - 0g 2 (^ 3 )) = -4 < 0, 

i.e., G' -< s G2, Hence, among with n > 5, G 2 is the second last graph in an S'-order. In what follows 
we only consider k > 2. 

Theorem 2.2. Among with 2 < fc < n — 1, ifte second last graph in an S-order is obtained uniquely 
at G3 i/ fc G {2, 3, . . . , n — 2} and af K* n _ 1 otherwise, where G3 is defined as above. 

Proof. Choose G G \ {-f„} such that it is as large as possible according to Denote the components 
of G — E by Uo, U\, U 2 , • • ■ , Uk- We are to show that each of the components is a complete graph. In fact, 
if there exists a Ui which is not a complete graph, i.e., Ui contains two vertices x, y satisfying xy £ Eu i . 
Let G' = G + xy. If G' ^ K%, it is easy to see that G ~< s G', a contradiction. If G' = then either x or 
y is not an end-vertex of a cut edge of G. Without loss of generality, assume that x is not an end-vertex 
of a cut edge of G, delete a cut edge of G' and connect the isolated vertex with x by an edge; denote the 
resultant graph by G" . Then we have S (G) = S (G"),S 1 (G) - Si(G") and S 2 (G) < S 2 (G"). Hence, 
G ~< s G", a contradiction. Therefore, we may denote the components of G — E by K ao ,K ai , . . . ,K ak , 
»o + a\ + ■ ■ ■ + ak = n. Without loss of generality, assume that do > a\ > a 2 > ■ ■ ■ > ak > 1. 

If a = 1, then G is an n-vertex tree. By [13, Theorems 3.3 and 3.8], we know the second last tree in 
an S-order among n-vertex trees is just K* n _ 1 . It is easy to see that ao ^ 2, hence in what follows we 
consider ao > 3. 

Let Vi = {v G Vk u . ■ v is an end- vertex of a cut edge of G}. In order to complete the proof, it suffices 
to show the following facts. 

Fact 1. Ifao>3, then \V \ = 2, |^| = \V 2 \ = ■ ■ ■ = \V k \ = 1. 

Proof. We prove Fact 1 by contradiction. If \Vq\ = \V\\ = \V 2 \ = ■ ■ ■ = \Vk\ = 1, then without loss of 
generality assume that Vi — {u^, i = 0, 1, . . . , k. 

First we consider G G . Note that G G Jf* \ {K%}, hence a\ > 3; otherwise, a\ — 2, which 
implies that G contains at least k + 1 cut edges, a contradiction. If ai > 3, we consider graph G* :— 
A"(ao + l,{oi-l,02,...,a fc }) in ^\{K^\. Note that ^(G) = S l (G*) for i = 0, 1 and S 2 (G) - S 2 (G* ) = 
2(ai — 1 — a ) < 0, hence G ~< s G* , a contradiction. Therefore ai = 3. 

If a 2 > 1, we consider graph G' := K(a + a 2 - 1, {3, 1, a 3 , . . . , a fe }) G &£\K%. Note that Sj(G) = 
5i(G') for z = 0,1 and 5 2 (G) - S 2 (G') = 2(a 2 - 1 - (a 2 - l)a ) = 2(a 2 - 1)(1 -fl ) < 0, hence G -< s G', a 
contradiction. Therefore, a 2 = 1, whence 03 = ■ • • = afe = 1. Together with a\ = 3, we have ao = n — fc— 2. 
That is to say, G = K (n - k - 2, {3, 1, 1, . . . , 1}). 

For convenience, let W\ G N Kao (u ) and N G (ui) = {^0,^1,^2}- Consider 

G* := G — ui« 2 } + {wiui, wiv 2 }, 



■5 



it is easy to see that G* G &£\K*. Note that S t {G) = S l (G*) for i = 0,1,2,3 and 4> G {P 2 ) = 
</> G *(P 2 ),<MG 4 ) - <fc*(G 4 ), <MPs) ~ <Pg*(P 3 ) = 2 - 2(a - 1) = 2(2 - a ) < 0, hence by Lemma 
1.2(i) S 4 (G) < S 4 (G*). Thus G ~< s G* , a contradiction. Therefore G g J^ fc . 

Now we consider the case G $ ' . It is easy to see that the edge induced graph G[E] is a tree which 
is not isomorphic to K hk . Hence, partition V G[E] into D° (G[E\) U D 1 (G[E\) U D 2 (G[E\) U D 3 (G[E\) U • • • , 
where D*(G[E]) = {u G V G [e] : dist G[E] (u, u ) = i}, i = 0, 1, 2, 3, . . . . It is easy to see that L> 2 (G[E]) ^ 0. 

If Z) 3 (G[E]) ^ 0, that is to say, there exists u G £> 2 (G[E]) such that d G [E](w) > 2, then choose Uj from 
D 1 (G[E]) such that Ui is adjacent to uo and w. Let W := N G ^(ui) \ {u }. As u G W, we have W ^ 0. 
Consider 

G* = G - : to G IF} + {u w : w G W}, 

then its routine to check that G* G Sf* \ {X*}. Note that = 5 2 (G*) for i = 0, 1, 2, 3 and </> G (P 2 ) = 

</> G » (P2), </> G (G 4 ) — </> G *(G 4 ), hence by Lemma 1.2(i) we have 

5 4 (G) - S 4 (G*) = 4(<j> G (P 3 ) - <j>G*(P 3 )) = 4[(a j - ao) - st], 

where s — \W\ > 1 and t = \N G [ E ](u ) \ {ui}\ > 0. Note that a, < a , hence if a* < ao, then for all 
t > we have (a* — a ) — st < 0, which implies that G -< s G*, a contradiction. If a* = ao, then for 
all t > 1 we have (aj — a ) — st < 0, which implies that G -< s G*, a contradiction. If dj = ao and 
t = 0, then G* = G. Hence, in order to complete the proof, it suffices to consider D 3 (G[E]) = and 
d G [E](wo) > 1. Furthermore, as G £ J^ fc , we have P 2 (G[E]) ^ and for each u G P 2 (G[E]), u is a leaf of 
G[E] (otherwise, P 3 (G[E]) ^ 0, a contradiction). 

If there exists Ui G D 1 (G[E}) such that d G [E] ( u i) > 3, then move d G [E] — 2 pendant edges to «o ancl 
denote the resultant graph by G' . It is easy to see that G' 6 ^' \ {^}- Note that s := d G [E](ui) — 2 > 
1, 9 := d G [E]M - 1 > 1, Si(G) = Si(G') for » = 0,1,2,3 and </> G (P 2 ) = <j> G , (P 2 ), </> G (G 4 ) - <MG 4 ), 
hence by Lemma 1.2(i) we have 

S 4 (G)-S 4 (G') = 4(0 G (P 3 )-<MP 3 )) 

= 4[s(aj - 1) - s(a - 1) - s(g - 1)] 

= 4s(a,-a -g + l). (2.1) 

If a > a, or g > 2, in the view of (2.1), we obtain that S* 4 (G) — Si(G') < 0, i.e., G -<; s G', a contradiction. 
If ao = en and g = 1, then it is easy to see G' = G. Hence, in order to complete the proof, it suffices to 
consider that, in the edge induced graph G[E], each of the non-pendant vertices in £> 1 (G[E]) is of degree 
2. 

For convenience, let W = {u : u G D 1 (G[E]),d G[E] (u) = 2}. It is easy to sec that W + 0. If \W\ > 2, 
choose u G IF such that its unique neighbor in G[E] is a leaf, say u'. Let 

G* = G — uu' + uqu' , 

then G* G C \ {K k J. Since 5,(G) = S<(G*) for * = 0, 1, 2, 3 and G (P 2 ) = G . (P 2 ), G (G 4 ) = G . (G 4 ), 
•MPs) ~ 4>g*(P3) = {a-i ~ 1) - (ao - 1) -p = Oi - a -p < 0, 

we have S" 4 (G) - S* 4 (G*) < 0, i.e., G -< s G*, a contradiction. Hence, \W\ = 1. 

By a similar discussion as in the proof of Fact 3 in Theorem 2.1, we can obtain that ao = n — k, a\ = 
a 2 = . . . = at = 1. Note that ao > 3, hence k < n — 1. Assume that W — {u} with N G [ E ](u) = {u^, u'}, 
where v! is a pendant vertex in G[E]. Let x G NK ao (uo)- Consider G* = G — {uu'} + {xu'} 7 then 
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G* G ^ \ {K*}. Note that S t {G) = Si(G*) for i = 0, 1, 2, 3, G (P 2 ) - </>g* {Pi), <MG 4 ) - </>g* (C 4 ) and 
<MPi) - 0G*(P 3 ) = 1 - (oo - 1) = 2 - a < (a > 3), hence S 4 (G) - S 4 (G*) < 0, i.e., G -< s G*, a 
contradiction. 

If there is a satisfying \Vi\ > 3, then choose two distinct vertices u'^u" in Vi and let G* = 
G - {u' lU : u G Ar G [E]«)} + {«•'« : u £ JV G[E] («J)}. It is easy to sec that G* G Sf„ fe \ {K*}. Note 
that 5,(G) = S t (G*),i = 0,1,2,3, G (P 2 ) - G .(P 2 ),<MG 4 ) = </>g*(G 4 ) and G (P 3 ) - <fc«(P 3 ) = 
-\ N G\m]{u'i)\\ N G\m](K')\ < 0, hence S* 4 (G) - S^G*) < 0, which implies that G ^ s G*, a contradiction. 

If there exists an i G {1,2, ... ,k} such that \Vi\ = 2. Assume, without loss of generality, that 
Vi = {iii, u'}, where Ui is adjacent to u G Vq. Let 

G* = G - {u lX : x G V Ka . } + {yx:ye V Kao , x G V Ka . \ {Ml- 

It is easy to see that G* G ^\ K n- Not e that Si{G) = for i = 0, 1 and 5 2 (G) - 52 (G* ) = 

2(a 4 - 1) - 2(a 4 - l)a = 2(a, - 1)(1 - a ) < 0, hence S^G) < S 2 (G*), i.e., G -< s G*, a contradiction. 

Combining with discussion as above, we obtain that \Vi\ = | V2 1 = • • • = \Vk\ = 1, whence \Vo\ — 2, as 
desired. □ 

Fact 2. 01 = 02 = ■ • • = Ofc = 1. 

Proof. By a similar discussion as in the proof of Fact 3 in Theorem 2.1, we can get a ~ n — fc, ai = a 2 = 
• • • = an, = 1. We omit the procedure here. □ 

Fact 3. G = G 3 , where G 3 = /T(n — k, {1,1, ... , 1}) — uo«fc + u' Uk, where u Uk is a cut edge and 
< G Vif ao \{uo}. 

Proof. Note that if G has just two cut edges, it is easy to see that G = G 3 defined as above. Hence in 
what follows we consider that G contains at least three cut edges. 

Let Nq^(uo) = {u\,U2, . . . ,u m } and N G ^(u' ) = {u[, u 2 , . . . , u' t }. Without loss of generality, assume 
that m>t. Obviously, t > 1. At first we show that t = 1. Otherwise, let 

G* = G - {u' u 2 , u' u' 3 , . . . , Mo u t} + {u u' 2 , u u' 3 , . . . , 

It is easy to see that G* G &£\K*. Note that S,(G) = Si(G*) for i = 0, 1,2,3, </> G (P 2 ) = <t>G*{Pi), and 
^g(G 4 ) = 4>G*{Ci), hence 

S 4 (G) - S 4 (G*) = 4(^ G (P 3 ) - G »(P 3 )) = -4m(t - 1) < 0, 

i.e., G -< s G*, a contradiction. 

Now we are to show that m = k — 1. If not, there exists a vertex u G {ui, u 2 , . . . , u m , u[, u' 2 , ■ ■ ■ , u' t } 
such that dc[E]{ u ) > 2. Denote A^ G [ E ](u) \ {uo,«o} = {ui,u 2 , . . . , u s }, s > 1. Let 

G* = G — {u«i,mm 2 , • • • , uu s } + {uo&i, uo« 2 , . . . , u u s }. 

It is easy to see that G* G ^„ fe \^. Notice that Si(G) = S,(G*) for i = 0, 1, 2, 3, ^> G (P 2 ) = </>g* (Pi) and 
0g(G 4 ) = G «(G 4 ), hence 

S 4 (G)-S 4 (G*) =4(^ G (P 3 )-^ G .(P 3 )) =4s((oi-l)-(ao-l)-(m-l)) = 4s(a; -a ) -4s(m- 1) < 0. 

The last inequality follows by en = 1 < n — k = a (by fact 2), and m > l,s > 1. Hence, we get 
84(G) < S<i(G*), i.e., G -< s G*, a contradiction, so we have m = k — l,t = 1, which is equivalent to that 
G = G 3 . □ 
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This completes the proof. 



□ 



3. The first and the second graphs in an 5-order among @£ 

In this section, we are to determine the first and the second graphs in an S'-order among Sf^\ Let 
E = {ei, e2, . . . , efe} be the set of all the cut edges of G G Note that if we delete an edge, say e, 
from a connected graph G, then in the view of 5*2 (G) = 2|.Eg|, we have 5a (G) > 52 (G — e). In order to 
determine the first graph in an 5-order among Sf^, it suffices to choose the graph such that its size is as 
small as possible. 

Theorem 3.1. Of all the connected graphs with n vertices and k cut edges, the first graph in an S-order 
is obtained uniquely at Pj~. 

Proof. Choose G G ^„ such that it is as small as possible according to the relation -< s . If k = 0, then it 
is easy to see that G = G„ and our result holds immediately. Therefore we may assume that k > 1. We 
show the following claim at first. 

Claim 1. G contains exactly one cycle. 

Proof. Assume to the contrary that G contains at least two cycles. If G contains two cycles G 1 and G 2 
such that G 1 and G 2 have edges in common; see Fig. 2(a), then let G* = G — {uv,xy} + ux (see Fig. 
2(b)); if G contains two cycles G 1 and G 2 such that G 1 and G 2 have just one vertex in common; see Fig. 
2(c), then let G* = G — {ux,vx} + uv (see Fig. 2(d)). It is routine to check that G* G and in each 




(a) (b) (c) (d) 

Figure 2: Graphs used in the proof of Claim 1. 

of the above cases one has 5,(G) = 5,(G*), i = 0, 1 and 5 2 (G) - 5 2 (G*) = 2 > 0, hence G* -< s G, a 
contradiction. 

If G contains two cycles Ci — uqU\U2 ■ ■ ■ and Cj — V0V1V2 ■ ■ ■ Vj-i such that G; connects Cj by 
a path Pi, i > 2, whose end vertices are ito, fi, and the vertex, say Ut (resp. v m ), on the cycle G; (resp. 
Gj) in G either is of degree 2 or has subgraph Gt (resp. H m ) attached, < t < I — 1, < m < J — 1; see 
Fig. 3. Let 

G* = G - {u Ui,ViV2,V Vi} + {u v 2 ,uiv }, 

then G* G Sf*. Since 5»(G) = 5i(G*), i = 0, 1. 5 2 (G) - 5 2 (G*) = 2 > 0, then G* ^ s G, a contradiction. 
Therefore, G contains exactly one cycle. □ 

By Claim 1, we know that G is a unicyclic graph. Note that G contains exactly k cut edges, hence G 
is an n- vertex unicyclic graph with girth n — k. By Lemma 11.41 the first graph in an 5-order among the 
n- vertex unicyclic graph with girth n — k is just the graph P*, as desired. □ 

At the rest of this section, we are to determine the second graph in an 5-order among (k > 3). 
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Figure 3: Graph G => G* . 



Theorem 3.2. Of all graphs with n vertices and k cut edges, the second graph in an S-order is obtained 
uniquely at (k > 3), where is obtained by attaching two leafs to the pendant vertex of graph -P n Zf- 

Proof. Note that if we delete an edge e from a connected graph G, then in the view of 82(G) = 2\E G \, 
we have 82(G) > 5 2 (G — e), hence in order to determine the second graph in an 5-order among Sf„, it 
suffices to determine the second graph in an 5-order among the set of all n- vertex unicyclic graphs with 
girth n — k; we denote this set by ^ n fc . 

Choose G G ^ \ {P%} such that it is as small as possible with respect to < s . Note that E is the set 
of k cut edges of G, hence G[E] is a forest. We are to show that G[E] is a tree. If this is not true, then 
it is equivalent to that there exist at least two vertices, say uq,vq, on the unique cycle contained in G 
satisfying d G (u ),d G (v ) > 3. 

In the edge induced graph G[E], consider the tree, say T\, containing uo- We are to show that T\ 
is a path; otherwise, choose a longest path P = uqUi ...u p in T\ with end-vertex uq,u p , it is easy to 
see dr 1 (up) = 1. If there exists u\ with i > 1 on P such that d G (ui) > 2. Choose a vertex x in 
N G (u % ) \ and let G* = G - u z x + u p x, then G* 6 &£\{P%}. Note that S Z (G) = S Z (G*) for 

I = 0,1,2,3, G (P 2 ) = G .(P 2 ),0 G (G 4 ) = <fc.(G 4 ) and </> G (P 3 ) - G .(P 3 ) > 1, hence by Lemma 1.2(i), 
we get 5 4 (G) — 54(G*) > 0, i.e., G* < a G, a contradiction. Hence, we obtain that each vertex Ui on 
P is of degree 2 in G for i = 1, 2, . . . ,p — 1. Hence, if d G (uo) = 3, then T\ is a path, as desired. If 
do(uo) > 3, then choose x from N g (uq) such that a; is not on the cycle and the path P contained in G. 
Let G* = G - u Q x + u p x, then G* G ^\ P n' Notice that S i( G ) = S i( G *) for « = 0,1,2,3, G (F 2 ) = 
0G*(P 2 ),0 G (G 4 ) = G »(G 4 ) and G (P 3 ) - G .(P 3 ) > 2, by Lemma 1.2(i), we get 5 4 (G) - 5 4 (G*) > 0, 
i,e., G* ^ s G, a contradiction. By a similar discussion as above, we can also show that, in G[E], the 
component contains vq is also a path, say P' . For convenience, let v' be the neighbor of i>o on P'. 

If there exists another vertex u' 7^ Uo, vq, on the unique cycle contained in G satisfying d G (u' ) > 3. 
Let G* = G-{u' x,x G ^ G[E ]K)} + {u P a;,x E iV G[E ]K)}, then G* £ Sf*\P*. Note that 5,(G) = 5 4 (G*) 
for i = 0,1,2,3, <t> G {P 2 ) = 4>G*(P2),<t>G(Ci) = G *(G 4 ) and ^ G (P 3 ) - 0G*(P 3 ) > 1, by Lemma 1.2(i), 
we get 54(G) — 5 4 (G*) > 0, i,e., G* -< s G, a contradiction. So, we just need to consider there exist two 
vertices on the unique cycle contained in G satisfying d G (uo),d G (vo) > 3. Without loss of generality, 
assume that \E P \ > \E P >\. Let G* = G - v Q v' + u p ^iv' Q , it is easy to see that G* G 3^ \ {P^}- 

• fc = 3. By Lemma 1.1, we have 5 4 (G) > 5 4 (G*) for i = 0, 1, . . . , n - 2 and 5 n _i(G) > 5„_i(G*). Hence 
G* ^ s G, a contradiction. 

• k > 4. Note that G (P 2 ) = G . (P 2 ), </» G (G 4 ) = <^ G .(G 4 ), </) G (P 3 ) = 4>G* (P 3 ), ^0(^1,3) = </»g»(^i, 3 ), 
G (f/ 5 ) = g .(C/ 5 ),0g(P 4 ) = G .(P 4 ), G (P 5 ) = 0o.(B B ), 0g(G 3 ) = G *(G 3 ), G (G 6 ) = ^ G .(C 6 ) and 
G (P 4 ) - </) G «(P 4 ) > 1, hence by Lemma 1.2, 1.3, we get that S l {G) = 5 t (G*) for i = 0, 1,2,3,4,5 and 
5 6 (G) - 5 6 (G*) > 0, i.e., G* -< s G, a contradiction. 

Therefore, we obtain that G[E] is a tree. That is to say, there exists just one vertex, say uo, on the 
unique cycle such that d G (uo) > 3. Choose one of the longest paths, say P :— uqUi . . .u p , from G[E]. It 
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is easy to see that u p is a leaf of G. Furthermore, we have the following claim. 

Claim 2. The length of P is k — 1, i.e., P := u ui . . . iifc_ 2 Ufc-i and G[E] is obtained from P by attaching 
a leaf to Ufc_ 2 of P. 

Proof. Note that P = uqui . . . u p is one of the longest paths of G[E] and u p is a leaf. Hence, we first show 
that dc(uo) = 3. Otherwise, choose x from Ng{uq) such that x is not on the cycle and the path P of G. 
If d G {ui) > 3 for some i G {1, 2, ... ,p — 1}, let G* = G - u :r + u p x. Obviously, G* G g£\{P*}. Note 
that 5i(G) - 5,(G*), * - 0,1,2,3, <j> G {P 2 ) = G , (P 2 ), G (G 4 ) = </> G *(G 4 ) and G (P 3 ) - cf> G ,(P 3 ) > 2, 
hence by Lemma 1.2(i), we get S^G) — S^G*) > 0, i.e., G* ^ s G, a contradiction. If dc(ui) = 2 for any 
i G {1, 2,...,p— 1}, let G* = G - m .t + Up- lX . Obviously, G* G 5^\{P*}. Note that 5 4 (G) = 5;(G*), 
t = 0,1,2,3, ^ G (P 2 ) = 4>G*{P2),4>G{Ci) = G '(C 4 ) and G (P 3 ) - G »(P 3 ) > 1, hence by Lemma 1.2(i), 
we get 54(G) - 54 (G*) > 0, i.e., G* ^ s G, a contradiction. 

Now we show that dc(ui) = 2, i = 1, 2, . . . ,p — 2 and d G (u p _i) = 3. Note that G ^ P^, hence there 
exists at least one vertex Uj (1 < i < p — 1) onP such that da(ui) > 3. 

If there exists a vertex Uj (1 < i < p — 1) on P such that dc{ui) > 4, then choose x G Na(ui) \ 
{u i - 1 ,u i+1 } and let G* = G - u^x + u p :r. Obviously, G* G Sf*\P*. Since S;(G) = i = 0, 1, 2, 3. 

<MP0 - 0G«(^ 2 ), G (G 4 ) = <fo.(G 4 ) and G (P 3 ) - G »(P 3 ) > 2, by Lemma 1.2(i), we have 5 4 (G) - 
S^G*) > 0, i.e., G* -< s G, a contradiction. Hence, max{c? G (ui), i = 1, 2, . . . ,p — 1} = 3. 

If dciup-i) = d G (ui) = 3 for some i G {1, 2, ... ,p — 2}, then choose Z\ in N G (u^) \ Mj+i} and 

let G* = G - itiZi + ?i p z 1; then G* G ^\P*. Notice that S^G) = Si(G*), i = 0,1,2,3. <£ G (P 2 ) = 
G »(P 2 ), G (G 4 ) = G »(G 4 ) and ^ G (P 3 ) — <j>G*{Pz) = 1 > 0, hence by Lemma 1.2(i), we get that 
54(G) - S 4 (G*) > 0, i.e., G* < s G, a contradiction. 

If d G (u p _i) = 2, dc{ui) = 3 for some i G {1,2, ...,p— 2}, then choose z\ in A r G (u i ) \ Mj+i} 
and let G* = G - UjZi + u v -\Z\, then it is easy to see that G* G &£\{P%}- Note that Sj(G) = 
S t (G*) for i = 0,1,2,3,4,5, G (P 2 ) - G .(P 2 ), ^g(G 4 ) = G *(G 4 ), G (P 3 ) = G .(P 3 ), <M^i,s) - 
G .(#i,3), <M*7 5 ) = ^(C/ 5 ), ^g(P 4 ) = 0g-(P 4 ), 0g(P 5 ) - <fe-(£ 5 ), 0g(G 3 ) = G .(C 3 ), G (C 6 ) = 
0G«(G 6 ) and <^ G (P 4 ) - 0G*(P4) > 1, hence by Lemma 1.2(iii), we get that S 6 (G) - S 6 {G*) > 0, i.e., 
G* -< s G, a contradiction. 

Hence, we obtain that dc(uo) — 3,d G (ui) = d G (u 2 ) = ... = rf G (u p _ 2 ) = 2,<i G (u p _i) = 3 and 
dc(u p ) = 1. For convenience, let 7V G (u p _i) \ {u p _ 2 ,u p } = {z }. It is easy to see that z is a leaf; 
otherwise G[E] contains a path P' := u ui . . . u p -iz . . . z t , where z t is a leaf. It is routine to check that 
the length of P' is longer than that of P, a contradiction. Therefore, rf G (zo) = 1, as desired. □ 

Based on Claim 2, Theorem 3.2 follows immediately. □ 
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